A covariant formalism for the scattering of three distinguishable scalar particles is developed. Lorentz invariance in the form of velocity conservation and a parametric relation between the two-and three-body off-shell continuations in energy are introduced in order to satisfy unitarity and physical clustering.
Introduction
We present a self-consistent, relativistic scattering theory for three distinguishable scalar particles of finite mass. From arbitrary pairwise interactions satisfying Lorentz invariance, individual particle mass conservation, and unitarity
we derive integral equations leading to the probability amplitude for scattering in the full three-body system. The treatment satisfies several important criteria: v 1. Relativistic invariance and four-momentum conservation -
The equations, derived in an arbitrary Lorentz frame defined by an overall velocity, lead to an invariant probability amplitude. Four-momentum conservation is recovered in the on-shell limit as the product of energy conservation and velocity conservation.
Two-and three-particle unitarity -
The two-body input is constrained to satisfy unitarity. The form of the off-shell continuation guarantees that three-body unitarity follows.
Unambiguous off-shell continuation -
A set of parameters, corresponding to asymptotic single-particle energies, is introduced in order to write the relation between two-and three-body off-shell variables in terms of external quantities, independent of the integration over intermediate states. Both systems are then effectively dispersed in terms of the same variable, the three-body total energy.
Proper cluster decomposition -
Clustering, in the physical sense, is satisfied. If the interaction of one particle with each of the others vanishes, the solution decomposes into the product of a spectator and a two particle scattering state.
Correct non-relativistic limit -
In the low energy limit the equations satisfy the same physical criteria as the non-relativistic Faddeev equations.
The conditions of relativistic invariance, clustering, and unitarity place severe restrictions on the form of a scattering theory. In the three-body problem, the occurrence of successive pairwise interactions in different center-of-momentum frames leads to a consideration of the Lorentz transformation properties of offmass-diagonal matrix elements. Clustering and unitarity point to the need for a parametric relation between the two-and three-body off-energy-shell dispersion variables. These considerations are treated here in the simplest possible contextthe scattering of scalar particles.
Dirac3 first showed that several different forms of Poincare' invariant relativistic dynamics are possible. These dynamics are distinguished by the choice of invariant hypersurfaces on which initial conditions are specified. The usual choice is the "instant form" in which the hypersurface is t = constant. In this case the generators of space translations and rotations are kinematic operators, while the dynamics is contained in the generator of time translation and the generators of Lorentz boosts. We utilize here the "point form" corresponding to the hypersurface t2 -x2 = constant > 0. Then the six generators of the Lorentz group are kinematic, while the dynamics is contained in the four-vector P. As a result, interactions are Lorentz invariant but do not commute with the generators of space-time translations.
Since we are constructing a scattering theory that connects two-body t-matrices to three-body t-matrices, without explicit reference to the spatial form of the two-body potentials, the "point form" is the most natural for our purposes. P-8) (2-g) where &a = dm.
THREE PARTICLE STATES
Three particles can be grouped into a spectator a and a pair (a+, a-), with (a, a+, a-) cyclic. The subscript A is used to label quantities pertaining to the pair.
The nine degrees of freedom of the three-body system can be represented in (2.12) kl, k2, kslki, ki, ki) = fi $ 63(Ua -d> E=Wu'.
Here ICI, k2, and k3 are the asymptotic momenta of individual particles and uA is the asymptotic relativistic velocity of the bound pair.
The symbols 1 aa ; Wu) and 1 q, ; Wu) are used to represent general boundary and fully interacting states respectively, with asymptotic limits containing either three free particles (CX = 0) or a bound pair with a free spectator ((2: = A).
Scattering Operators
To 
where zAAB = 1 -SASS
The three-body transition operator T( 2) is defined to satisfy a LippmannSchwinger l1 type equation
The Hilbert identity for the resolvents (3.5) leads to a unitarity relation for T(Z)
. (3.13) As it stands, the Lippmann-Schwingerequation (3.10) for T(Z) yields an integral equation with a non-compact kernel and therefore has no unique solutions.
In order to proceed, T(Z) is decomposed using Faddeev's methodI into T(Z) = ETA&) .
(3.14) A>B
The components satisfy 
The FLN proof of unitarity13 demonstrates that the unitarity of T(Z) (3.13) follows from the unitarity of TA(Z) (3.19).
TA(Z) expresses the scattering of two particles in the presence of a third, non-interacting particle. The relation of TA (Z) to the purely two-body scattering problem is the central issue of this treatment. It is discussed in the next chapter.
To obtain integral equations with fully connected kernels, Eq. 
Two-Body Input
The solution to the two-body problem is the input for this formalism. The transition operator t(z), generated by a Hamiltonian h = h(O) + h(I) acting in a two-body space, satisfies The three-body unitarity condition (3.19) must reduce to this same restriction.
Clustering is satisfied if the exact physical solution for the case of a noninteracting third particle decomposes into the product of a spectator plane wave and a two-body scattering state. When T++)(Z) and T+,,)(Z) both vanish, Eqs. By expressing the off-diagonal dependence of the matrix elements of TA(Z) on rA through GA instead of WA, the restriction (4.6) on rA can be used to guarantee three-body unitarity (3.13) through (3.19).
The three-body phase space element can be written as Since the matrix elements conserve both u and vi, the relation between 2, and Z is parametric. Using (4.10) and (4.12) to evaluate the matrix elements of (3.19) reproduces the two-body unitarity condition (4.6) written in terms of the variables CA, w":, and @i', instead of WA, w:, and w:'. The 0 functions in (4.12) provide the correct lower integration limit.
Integral Equations
Given the two-body inputs, (4.12) can be used in (3.22) to generate a coupled set of integral equations for the matrix elements of the components of W(Z). In these equations the &Par factors are formally treated as fixed parameters. In the next chapter we will show that the resulting matrix elements are related to the physical probability amplitude only for a unique choice of values for these parameters.
To simplify the calculation, define the functions WA, by Thus, the integral equations generated by the matrix elements of (3.22 where the dependence on the conserved single particle masses and the epar factors has been suppressed. = lim lim (--EE') (ip, ; Wul R(E + ic) R(E' + ie') I@; ; W'U') . E-+0 E'dO From (3.11) and (3.13)
-1 z2 : z1 + R"'(Z2)] T(Zz)] R(')(Z2) .
ELASTIC AND REARRANGEMENT SCATTERING
Consider first the case of elastic and rearrangement scattering. Each boundary state consists of one free particle and a bound pair. Define a set of operators
Then, by writing (3.5) as
and using (3.17) and (3.21), th e second term on the right hand side of (6.3) can be written as
A w 'ith a similar manipu Jation on the third term, (6.3) becomes
Substituting this into (6.2) with 21 = E + in and 22 = E' + in', and using the principal value relation P ; Fi-/rS(Z) , 0 (6.7)
-2ni S(E -E') (@A ;wul &k)(E) Ia:, ;w'U') , .
We have chosen u = u', since this is the only case which will contribute to the probability amplitude.
u, uA) and u; are parameters of the particular physical process under consideration. Their values restrict the range of bras and kets which can appear on the left-hand side of (6.11) . Th e requirement that the left-hand side of (6.11) vanish unless ~5 and p; ' correspond to existing two-particle bound state masses uniquely determines the values of the &Par factors in terms of the physical parameters. To see this we must consider the singularity structure of W(Z).
The "primary singularities"
due to the 7 functions in the driving terms (5.5) occur to all orders of iteration of the integral equations (5.7) for the components of W (2) . The singularity structure of the r functions follows directly from (4.3).
Taking a matrix element of (4.3) between free states, using II(~) = h -h(O), and inserting completeness in terms of exact eigenstates of h shows that ~~ (2) has poles at 2 = PA, for each two-body bound state pA, and a scattering cut Therefore, the left-hand side of (6.11) has the correct behavior in the E + 0 limit only if cPar = Wp -w(Wp, vy, mf) 71: i (6.14) cHar' = Wp -w(WP,v~',mf) v,"' .
The &Par factors are independent of the off-diagonal integration used in the coupled integral equations (5.7). All six .sPar factors are fixed by (6.14) because matrix elements of each of the components of W(Ep + ic) between the same free particle bra and ket correspond to possible physical processes in different channels.
Having x ,fzo ,i,i20 (-eAcL) WAB(W,v,$jW',v'9fi' ;wp + i8) .
B
The spar factors needed to evaluate this expression are fixed by (6.14), with vf determined by u, uA, W, and IjA.
FREE PARTICLE SCATTERING
In the case of free particle scattering each boundary state consists of three free particles. Substituting (6.3) into (6.2) with 21 = E + ic and 22 = E' + ic' gives ; w+p' ;w'u') = (rn,;Wu~~~;W'u') (6.19) -2ni 6(E -E') (~0 ; wul T(+)(E) ICD~ ; w/u') .
The comparison of (6.19) with (6.1), along with substitutions from (3.14), (3.21), The &Par factors needed to evaluate this expression are fixed by (6.14), with WP = W. The result is that each &Par factor is equal to the corresponding asymptotic single particle energy, as observed from the three-body center of momentum frame.
BREAKUP AND COALESCENCE
Breakup and coalescence involve transitions between boundary states containing three asymptotically free particles and boundary states containing a spectator and a bound pair. Define the operators KAB (2) for breakup and gAB (2) for coalescence through 
Conclusion
We have succeeded in deriving an explicitly invariant probability amplitude from considerations of the three-body problem in an arbitrary frame. Two ideas were central to this treatment. The first was the use of velocity conservation in place of momentum conservation in order to separate Lorentz invariance from the off-shell continuation in energy. The second was the introduction of spar factors into the connection between the two-body input and the three-body problem.
The resulting equations exhibit exact unitarity and physical clustering. = u" P(o -0') g(W,W') .
In the center-of-momentum frame both the three-momentum and the threevelocity vanish. Therefore, in this frame the conservation of one is equivalent (up to a Jacobian) to the conservation of the other.
In order to show a connection with the more common instant form, we consider the two-body potential. We refer here specifically to the operator which connects the generators of time translations in the interacting and the non- The existence of different forms for the off-energy-shell extension reflects an ambiguity in the specification of this physically unobservable quantity. Each form preserves certain symmetries off-energy-shell and breaks others.
